Calculus I: Tests for Local Extrema and Concavity

In all of these problems, each functifis continuouson its domain. This means the
graph off has no jumps, breaks, or holes in it. In other words, you can draw the graph of

f without lifting yourpen or pencil.
1) For a functiorf, acritical QpointOor critical number is a numbex = ¢ for which
fl(c) =0 or fl(c) is undefined or does not exist (DNE for short). Find the critical
points of each of théollowing functions.

Critical
(@) f(x)=x! 6x*+9x+8 point(s): Reason:
x=1 f1(1) =0
X =

(b) f(x)=x*"! 4x>+20

(© f)=x"

d) f(x)=%x
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2) If x=cis a critical point for the functiohwith f!(c) =0, then the graph dfhas
slope 0 at the poinfc, f(c)). If x=cis a critical point for the functiohwith f!(c)
undefined, then the graph fofias a sharp corner, a cusp, or a vertical targjethe
point (c, f(c)).

Possible shapes for the grapH akar the pointc, f(c)) include the following
graphs. In each graph, the point marked with a dot is the @ii(c)). Label ths

point OminO for local (or relative) minimum point, OmaxO for local (or relative)
maximum point, or OneitherO if the point is neither a local minimum point nor a local
maximum point.

NN S
VANV A

(a) For each graph above, determind I{x) is positive or negative for<c.
Determine if f!(x) is positive or negative for>c. You may mark + ob
on each side of the poif¢, f(c)), if you like.

(b) Use the results of part)(to write a thregoart rule for using the derivativé! to

determine if a given critical poimt= c is thex-coordinate of a local (or relative)
minimum point, a local (or relative) maximum point, or neitbénat is, if
(c, f(c)) is a local minimum point, a local maximum point, or neither.

If fl(x) changes from to xat c,
then the poin{c, f(c)) is a local minimum point on thgraph off.
We also say the functidrhas the local minimum valug(c) atx =c.

If fl(x) changes from to xat c,
then the poin{c, f(c)) is a locaimaximum point on the graph bf
We also say the functidrhas the local maximum valuig(c) atx =c.

If fl(x) does not X atc,
then the poin{c, f(c)) is neither a local minimum point nor a local maximum
point on the graph df

This rule is called th€&irst Derivative Test for Local Extrema.
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Again, therule you wrote on the preceding paigecalled thd-irst Derivative
Test for Local Extrema. (Localextrema are locahinimum and maximum
values, also called local minima améxima.)

(c) Use theFirst Derivative Test for Local Extrema from part(b) to determine if
each critical poink = ¢ from Problem 1 corresponds to a locahimum point,
a local maximum point, or neither. Use the derivatiVgx) of each functiorf

and a sign chart fof !(x) , rather than the graph of the function(You may use

the graph of to check pur answers.)
Conclusion

f(x)=x*1 6x*+9x+8 From Exercise 1(a), the critical poil
for f arex=1andx = 3. The point
(L12) is a local mgimum point on
the graph off becausef! changes

from positive to negative at= 1.
The point(3,8) is E.

f(x)=x*1 4x*+20

f(x)=x*
fe)=x
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3) Very few of the graphs we encounter in calculus class have vertical tangent lines and
even fewer have sharp corners or cusps. This means most of the critical points we
find will be critical pointsx = c at which f’(c)=0. If x=c s a critical point for the

functionf with f!(c) =0, then the gaph off has slope 0 at the poift, f(c)).
Possible shapes for the grapH akar the pointc, f(c)) include the following
graphs. In each graph, the point marked with a dot is the @if(c)) .

(a) For each graph below, determine if the graph is concave up, concave down, or
neither at the poinfc, f(c)). Is fli(c) positive, negative, or zeroat c?

VAR

(b) Use the results of part (a) to write a thpaat rule for using the second
derivative f!! to determine if a given critical poirt= c is thex-coordinate of

a local (or redtive) minimum point or a local (or relative) maximum point.

Concavity
atx=c

Sign of
fl(c)

If fl(c)=0 and fli(c) , theft, f(c)) is a local minimum
point on the graph df

If f’(c)=0 and f!i(c) , theft, f(c)) is a local maximum
point on the graph df

If fl(c)=0 and fli(c) off !i(c) is not defined, thewe can

draw no conclusion from this testlh order b determine if(c, f(c)) is a local

minimum point, a local maximum point, or neither on the graghveé must
applyanother test, such as the First Derivative Test.

This rule is called th&econd Derivative Test for Local Extremglocal

minimum and maximum valuesNote that it iqiot a test for concavity, but

rather uses what you already know about the relationship between concavity and
the second derivativie@ determine local minimum and maximum values.

* DonOt believe it? Compaféx) = x* and f(x) = x* atx=0(c = 0),
or do part (c).

© J. Beery, Universy of Redlands, 2010



Again, the rule on the preceding page is calledSiemd Derivative Test for
Local Extrema.

(c) Use theSecond Derivative Test for Local Extremarom part(b) to determine
if each critical poink = ¢ from Problem 1, part®), (b), and(c) only,
corresponds to a local minimum point or a local maxmpoint, or if no
conclusion can be drawn from the Second Derivative Test. Use the second
derivative flI(x) of each function, rather than the graph of the fundtiqfyou

may use the graph 6to check your answers.)
In the two cases in which no conclusion can be drawn, what result did the
First Derivative Test give? (See Problem 2, fart)

f(x)=x*! 6x>+9x+8 Conclusion
From Exercise 1(a), the critical poir
for f arex=1andx = 3. The point

(L12) is a local maximum point on
the graph off becausef!(1)=0
and f!I(1) <0. The point(3,8) is

E.

f)=x"1 4x*+20

f(x)=x*
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4) (a) For each of the functions below, find all numbersc for which f!i(¢)=0 or
fli(c) is undefined.

f(x)=x*1 4x*+20

f(x)=x*
f)=¥x

f(x)=§/F

(b) An inflection pointis a point on the graph of a function at whichgh&ph changes
concavity. Four of the points shown on the graphs below are inflection points;
two are not. Write a twepartSecond Derivatve Test forInflection Points:

For anx-coordinatex = ¢ for which fli(c) =0 or fli(c) is undefinedexamples

of graphs containing points with sugftoordinates are shown belqw)

if fI(x) xat ¢, then(c, f(c)) is an inflection point;

if fli(x) does not atx =c, then(c, f(c))
is notan inflection point.

m/JVA

(c) For each numbert = c from part (a), use th8econd Derivative Test for
Inflection Points to determinef the point(c, f(c)) is an inflection point or not.

Use the second derivativEl(x) of each functiori and a sign chafor f”(x),

rather than the graph of the function(You may use the graph bfo check
your answers.)
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5) Only two of the following six statements are true. For each of the four false
statements, give an example of a timt f(x) and arnx-valuex = ¢ from this

worksheethat violates the statement. For instance, you might write: OFalse:
The functionf(x) = Ix from Problem 4, part (c), violates the statememnt=a0.0

(a) True or false? If the poir(, f(c)) is a local minimunpoint or maximum point
on the graph of = f(x), then it always is true that= c is a critical poinof f.

(b) True or false? Iff!I(c) =0, then the poin{c, f(c)) is a local minimum point or
maximum point on the graph gf= f (x)

(c) True or false? Iff!(c) is undefined, then the poixk, f(c)) is a local minimum
point or maximum point on the graphyf f(x).

(d) True or false? If the poir(t, f(c)) is an inflection point on the graph of
y = f(x), then it always is true that!l(c) =0 or f!i(¢) is undefined.

(e) True of false? Iff”(c) =0, then the poin{c, f(c)) is an inflection point on the
graph ofy =f(x).

() True or false? IfflI(c) is undefined, then the poift, f(c)) is an inflection
point on the graph of = f(x) .

6) Preview! For the functionf(x) = x* — 4x*+ 20 from Problem 1, part (b), the point
(3,1 7) is the global (or absolute) minimum point on the graphamid the value
f(3) =17 is the global (or absolute) minimum value for the functioblse the
derivative f1(x) of f(x)= x*—4x%+ 20 to convince me or your neighbor (in
writing, of course) that the poir{B,—7) is the global minimum point on the graph

of f. How is your argument in this problem different from using the First Derivative
Test for Lacal Extrema to show that the poif&! 7) is a local minimum point on

thegraph off ?
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2) (d) Why does the First Derivative Test for Local Extrema work?
For a continuous functioihand a critical poink = c for f,
if the derivative f!(x) changes from negative to positivexat c, then the

slope of the graph dfchanges from to X =at.
Hence, the graph dfchangedgrom to
atx = c, so that(c, f(c)) is a local point on the graph of

If the derivative f!(x) changes from positive to negativexat c, then the

slope of the graph dfchanges from to ak =c.
Hence, the graph dfchangegrom to
atx = c, so that(c, f(c)) is a local point on the graph of

If the derivative f!(x) does not changagn atx = c, then the

slope of the graph df xat C.

Hence, the graph dfdoes not change X =at,
so that(c, f(c)) is neither a local minimum point nor a local maximum point

on the graph of.

3) (d) Why does the Second Derivative Test for Local Extrema work?
For a twice differentiable functidinand a critical poink = ¢ for f for which
f1(c) =0 (for a twice differentiable function, there are midical pointsx =c

for which f!(c) does not exist), the graphfodit (and near) the poirt, f (c))
has one of the four shapes shawiProblem 8a) orit is a horizontal line.

If fli(c)>0, then the graph dfis at (and néae)
point (c, f(c)). Thiseliminates founf the five possible shape&avingonein

which the point(c, f(c)) is a local point tve graph of.

If fli(c) <0, then the graph dfis at (and néae)
point (c, f(c)). This eliminates four of the five possible shapes, leaving one in

which the point(c, f(c)) is a local point on the graph of

4) (d) Why does the Second Derivative Test for Inflection Points work?
For a continuous functioihand a value = ¢ for whichf!i(c) =0 or fli(c) is

undefined, if the second derivativid!(x) changes sign at= c, then thegraph

of f changes At ¢, so that the poinfc, f(c)) is an
inflection point on the graph éf If the second derative fll(x) does not

change sign at = ¢, then thegraph off does not change
atx = ¢, so that the poinfc, f(c)) is not an inflection point on the graphfof
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