The Greatest Egyptian Pyramid Activity

In about1850BCE, a scribein andent Egyptwrote 25 mathematical problemsin
apapyrusscroll. Oneof the problems, Problem #14, gave thefollowing indructions
(Dunham, 3) for computing the volume of the truncated square pyramid shown in Figure
1 (Dunham, 4). A truncated pyramid also is called a frusumof a pyramid.

Figure 1

Problem #14 If youaretold: A truncated pyramid of
6 for the vertical haght by 4 onthe base by 2 onthe
top. You are to squae this 4, result 16. Youare to
doubk 4, result 8. You areto squae 2, result 4. You
areto addthe 16,the 8, andthe4, result 28 Youare
to take athird of 6, result 2. You areto take 28 twice,
result 56. See, it is56. Youwill find it right.

1. Work throughthe scribe@ ingrudtions making
sure thefind result of your calculationsis 56.

Figure 2

4

2. Use the scribe@ ingrudionsto
calculate the volume of thetruncated pyramid
of heght 8 and with square bases of side
lengths5 and 7 shown in Figure 2 (diagram
adapted from Dunhan, 4). Point out any
indructionstha seem undear, or tha could be
interpreted in more than oneway.

Figure 3.

3. Use the scribe@ ingrudtionsto cal culate the volume
of thetruncated pyramid of haght h and with square bases
of sidelengthsa and b shown in Figure 3 (diagram adagpted
from Dunhan, 4). Tha is, use the scribe@ ingrudionsto
write agenera formulafor the volume of atruncated
squae pyramid.




At this point, your ingructor may ask you to compare your results with those of
other students. S’Themay reveal acorrect formulafor the volume of atruncated square
pyramid or she may ask youto derive ond

4, Many historians of mathematics point to Problem #14 as evidence that theandent
Egyptiansknew how to calculate the volume of a truncated square pyramid of any
dimensons--tha is, of any heghtand with square bases of any side length. Some of
them even call this calculation Qhe greatest of the Egyptian pyramidsO(Burton, 54),
greater even than the pyramidsthemselves. Does Problem #14demondrate that the
andent Egyptianshad a general method or formulafor computing volumes of fruga of
pyramids? Why or why not?

5. Write correct and easy-to-imitate ingructionsfor calculating the volume of the
truncated pyramid of heght8 and with squae bases of sidelengths5 and 7 from Problem
2. Write your ingructionsin sentences in the style of the Egyptian scribe

6. If your ingructionsfrom Problem 5 had appeared in an Egyptian mathematical
papyrus would your fellow Egyptianshave needed aformulafor thevolume of a
truncated pyramid with a, b, and hinit? Explain. If you could have jug oneof thetwo,
your ingructiionsfrom Problem 5 or aformulawith a, b, and h in it, which would you
rather have available and why?

7. Set a = 0intheformulafor thevolume of atruncated pyramid, and smplify. Do
you recognize theresulting formula? For wha solid geometric object doesiit give the
volume?

| nstructor Notes

Objective: Students will learn theformulafor the volume of afrusum of a pyramid.
Perhgps more impartantly, they will explore what conditutes an effective example and
wha qudifies as a mathematical method or formula.

Materials: To hdp students visudize atruncated pyramid, you mightbuy or build a
woode, plastic, or Styrofoam modd of a pyramid with aremovable top. If you wish to
have students derive the formulafor thevolume of afrusum of a pyramid, you might
also want to be able to remove side and corner pieces from your pyramid (see the
Extengon Activity, bdow).

How to Use: Have students work in groupsof 2-4 students each on Problems 1-3, then
have groupscompare their results. Ideally, students will interpret the scribe@ indructions
(tha is, imitate his example) in at least three or four different ways, hence will have three
or four different valuesfor thevolume of thetruncated pyramid in Problem 2 and three or
four different general formulas for the volume of atruncated pyramid in Problem 3. You
may need to let students know that you expect more than oneanswer. Have groups
complete Problems 4-7, then discuss thar answersto Problems 4-6 as a class.

Background Information: Theingructionsfor caculating the volume of thetruncated
pyramid given in this activity appear as Problem #14 of the Egyptian mathematical



papyrusknown as the Moscow Papyrus Believed to date from 1850BCE, this papyrus
was purchased in Egyptin 1893by V.S. Golenishchev, who eventudly sold it to the
Moscow Museum of FineArts. It contains 25 mathematical problems. The mog famous
of these problems is Problem #14, which some mathematics historians have called Ghe
greatest of the Egyptian pyramidsO(Burton, 54). This activity explores thewiddy
accepted bdief tha Problem #14 provides incontrovertible evidence tha theandent
Egyptiansknewn how to compute thevolumes of pyramidsand ther fruga---tha is, that
they had genera methodsor formulas for computing these volumes.

Students may ask if calculationsof volumes of pyramidsand thar frusa appear in
other problems from Egyptian pgpyrusscrolls. Theanswer isthat thereare nosuch
surviving problems. Althoughthere are five problems involving the seked, or dopeof the
sides, of apyramid in the Rhind Papyrus (Gillings 185), the only evidence of ancient
Egyptian knowledgeof pyramid volume formulasis Problem #14from the Moscow
Papyrusand the pyramidsthemselves.
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Solutions: 1. (4% +412+2 )%& 2812=56

2. Students should paint outin this problem or in Problem 4 tha theingruction to
Qloubke 4Gis not clear: are weto compute 2 x 7 (that is, doubke 7), or are we to compute
5x 7?They also should point out here or in Problem 4 tha theingructionto Qake 28
twiceOis not clear: are we to compute 109x 2 (tha is, take 109twice), or are we to

compute 109! g? Asaresult of these ambiguities, students might compute thevolumein

oneof thefollowing ways.

7%+ 712+5%)12=176. (Note tha %(8) =% is computed but not used.)

( )!
( )
(72+715+5%)12=218. (Agan, % is computed but not used.)
(7 )\

3. Thefour computationsin Problem 2 suggest thegeneral formulas, V = 2(a2 +2b+ bZ) ,
V= %(a2 +2b+b%), V=2(a’+ab+b’), and V = %(a2 + ab+b?), respectively. Only the

last of thefour formulasis correct.

4. Mog historians of mathematics bdieve tha theandent Egyptiansdid have agenera
method or formulafor calculating the volume of atruncated square pyramid (see, for
example, Gillings 187). However, mos admit tha the evidence---essentially jug
Problem #14 of the Moscow Papyrus--is not solid.

Mathematicians (and plenty of other people!) disagree on exactly wha congitutes
amathematical method or formula. Many mathematicianswould require genera
applicability, symbolic expression, and mathematical proof of the correctness of the



formula. Students know from experience tha afew goodexamples, or even jus onewell-
chosen and unanbiguous example, can convey a genera formula For indance, if

students are told tha atriangle with base of length 7 and atitude5 has area % 1715= 375

they can findthearea of any triangle for which they are given the base and atitudeand
. 1
can write thegenera formula A= Ebh'

Students may arguethat the ambiguities in theingructionsgiven in Problem #14
of theMoscow Papyrus (see the solution to Problem 2 given above make them
impossible to apply to truncated pyramidsof othe dimensons hence tha theandent
Egyptians may not have known how to compute volumes of truncated pyramids of
variousdimensonscorrectly. Students may object that jus oneexample, even an
unambiguousexample, is notthe same as having agenera formula or method They may
arguetha aformulamug have algebraic or other symbolsin it. They even may argue
tha aformula mug beestablished by mathematical proof, and no proof is given in
Problem #14 of the Moscow Papyrus

On the other hand, students may arguethat Problem #14,if read carefully, does
showtha theandent Egyptianshad a general methodfor finding the volume of a
truncated pyramid. Indeed, if onerememberstha the Egyptians multiplied numbers
togaher by repeated doubing, onemight interpret an indruction to double a bit more
genedly. Findly, thetrandation of Problem #14given in theingructionshas become
standard in mathematics history texts. However, amore literal trandation might read (van
der Waerden 1971,Plate 5), O\dd together this 16 with this 8 andthis 4. You get 28.

1 . I
Compute 3 of 6. Youge 2. Multiply 28 by 2. You get 56. Behold: it is56. Y ou have
foundright OThese ingructionsomit calculation of the ab term, and certainly clear up

any ambiguity in multiplication by the 2 term.

5. Problem #14 If youaretold: A truncated pyramid of 8 for thevertical heightby
7 onthebase by 5 onthetop. You are to square this 7, result 49. You are to
multiply 7 by 5, result 35. You areto squae 5, result 25. You are to add the 49, the

35, andthe25, result 109 Youareto take athird of 8, result % Y ou are to multiply

109 by % result 290%. See, itis 290%. Youwill findit right.

6. Students may show tha ther ingructionsfrom Problem 5 are easy to imitate by
applying them to another example or by usng them to write the correct general formula.
StudentsOpreferences for examples or general formulas may lead to interesting class
discussion. During class discussion of Problems 4-6, be sure to ask students how they
would define a general mathematical methodor formula. Y ou might have them conault a
dictionay for hdp with thar definitions Ask them if aformula has to be expressed
symbolically. Findly, ask them if an unambiguousexample Gounts asOa formula.



7.Settinga = 0intheformula V = %(a2 + ab+b?) resultsin theformula V = %bzh for

thevolume of a pyramid of heght h and with a square base of sidelength b.

. . . h
Extension Activity: Have students derive theformula Vv = g(a2 + ab+ b2) for the

volume V of atruncated pyramid of heght h and with squae bases of sidelengthsa and
b. If at all possible, use a solid modd of a pyramid with removable top, side, and cormer
pieces. Here are two ways to compute thevolume.

Firgt, if wethink of formingthetruncated pyramid by dicing asmaller pyramid
fromthetop of alarger pyramid, then we may compute the volume of thetruncated
pyramid by subtracting the volume of the smaller pyramid from thevolume of the
origind, larger pyramid. Note tha the sidelength of the square base of the smaller
pyramid is a while the sidelength of the square base of thelarge pyramid isb. If the
height of thelarge pyramid is H, then the haght of thesmall pyramidis H! h, and, by

similartriangl%,ﬂzH—h:L ThlsyleldsH—ﬁandH' h——h so tha
b a b! a b! ao/ b! a’
1., .1, 1., , bh 2ah%hb"""aoh
V==b"™H! Za(H! h)= l'a a’+ab+b
3 3 ( 3§)bl b! a& sﬁb'a& 3( )

If wefocusjud onthetruncated pyramid itself, then we may dissect it into a
rectangular solid, four prisms (side pieces), and four pyramids (corner pieces). If these

pieces are cut perpendicularly to the base, then their volumes are a’h (center),
1 bla 1"b! a%
—_q—h = | S

53 h= a(b a)h (side), and 35 &
thetruncated pyrarmd of heghth and base lengthsa and b isthen

V= ah+4lZ a(b" a)h+4l1§b—a&h—h(a +ab+b?).

h (corner), respectively. Thevolume of

For severa moreideas as to howthe Egyptiansmay have foundthe volume of a
pyramid and of atruncated pyramid by dissection and rearrangement, see Richard
GillinggOMathematicsin the Time of the Pharaohs pages 189193
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